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Abstract. In this paper we consider an alternative orthogonal decomposition of 
the space L 2 associated to the (/-dimensional Jacobi measure in order to obtain 
an analogous result to P.A. Meyer's Multipliers Theorem for d-dimensional Jacobi 
expansions. Then we define and study the Fractional Integral, the Fractional De- 
rivative and the Bessel potentials induced by the Jacobi operator. We also obtain 
a characterization of the Sobolev or potential spaces and a version of Calderon's 
reproduction formula for the d-dimensional Jacobi measure. 

RESUME. Dans cet article nous considerons une decomposition orthogonale alter- 
native de l'espace L 2 associee a la mesure de Jacobi d-dimensionelle afin d'obtenir 
de resultat analogues au Theoreme des Multiplicateurs de P.A. Meyer pour les 
developpements d-dimensionnels de Jacobi. Nous definissons et etudions l'integral 
Fractionnaire, la derivee Fractionnaire et les potentiels de Bessel induits par 
l'operateur de Jacobi. Nous obtenons egalement une characterisation des espaces 
de Sobolev ou potetiel de Jacobi et une version de la formule de reproduction de 
Calderon pour la mesure de Jacobi d-dimensionelle. 
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1. Introduction 

For the parameters a = a 2 , • • • , aid), ft = (fti, ft%, ■ ■ ■ , ftd), m R d A > — 1 
let us consider the (normalized) Jacobi measure on [— 1, l] d defined as 



This normalization gives a probability measure. It is not usually considered in 
classical orthogonal polynomial theory. 

The ci-dimensional Jacobi operator is given by 



(2) £?* = 



d r d 2 d 

1 ~ x ^^2 + (A ~ a < ~ ( a » + A + 2) X i)-Q^r 



i=l 



It is not difficult to see that this is formally a symmetric operator in the space 
L\[-l,l] d ,nU). 

For a multi-index k = (ki, . . . , Kd) G N d let p K a '^ be the normalized Jacobi poly- 
nomial of order /t, defined for x = (x\, x 2 , ■ ■ ■ , Xd) G M. d as 

d 

1=1 

where p° ,/3 for n G N and a,/3 G R, a, /3 > —1, is the one dimensional normalized 
Jacobi polynomial that can be defined using Rodrigues formula (see [13]). 



(i - *r (i + xf CnP ^{x) = ^r^r {a - x) a+n (i + *T +n } , x g [-1, i]. 

As the one dimensional Jacobi polynomials are orthonormal with respect to the one 
dimensional (normalized) Jacobi measure on [—1, 1] 

LL a g(dx) = —t— ; r(l — x)°(l + x)^dx, 

it is immediate that the normalized Jacobi polynomials {p K a,/3 } are orthonormal 
with respect to the ci-dimensional Jacobi measure. Moreover the family {p^ 1 } is 
an orthonormal Hilbert basis of L 2 ([— 1, l] d , [i d a „). 

It is well known that Jacobi polynomials are eigenfunctions of the Jacobi operator 
C a fi with eigenvalue — X K = — Ylt=i K ii. K i + a i + fti + 1); t na t is, 

(3) = -kp:>? 
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The d- dimensional Jacobi semigroup {T^ } t > is the Markov operator semigroup 
in L 2 ([— 1, l] d , n A a a) associated to the Markov probability kernel semigroup (see [2], [5] 
or [15]). 

P a ^(t,x,dy) = £ e-^ t p^(x)f^{y)fii^(dy)=pf(t,x,y) l ^{dy), 

K€N d 

that is 

T t a > P f(x) = [ f(y)P a ^(t, x, dy) = [ f(y)p a /(t, x, y)^(dy). 
J[-i,i] d ^[-i,i] d 

Unfortunately, there is not a reasonable explicit representation of the kernel 
P a 'P(t, x, dy), but that is not needed in what follows. Alternatively the d-dimensional 
Jacobi semigroup can be defined as the tensorization of one dimensional Jacobi 
semigroups (cf. [15]). 

The c?-dimensional Jacobi semigroup {T° ,/3 } 4 > is a Markov diffusion semigroup, 
conservative, symmetric, strongly continuous on V(\— 1, l] d , \i d a a) of positive con- 
tractions on L p , with infinitesimal generator £ a,lS . By ([3]) we have 

(4) T^p* = e-^e. 

It can be proven that for a = (ai, a2, ■ ■ ■ , ad), P = (Pi, Pi, • • • , Pd) £ R d with 
ai,Pi > — |, {T® ,,3 } t > is not only a contraction on L p ([— 1, l] d , /if «) but it is also an 
hypercontractive semigroup, that is to say, for any initial condition 1 < q(0) < oo 
there exists an increasing function q : R + — ■> [?(0), oo), such that for every / and all 
t > 0, 

ll^/lltft) < 11/11,(0)- 

The proof of this fact is not very well known and it is an indirect one. It is based 
on the fact that the one dimensional Jacobi operator satisfies a Sobolev inequality, 
that can be proved by checking that it satisfies a curvature-dimension inequality, 
this result was obtained by D. Bakry in [1]. Then it can be proved that this implies 
a logarithmic Sobolev inequality for the one dimensional Jacobi operator. As the 
logarithmic Sobolev inequality is stable under tensorization, [Tj, we have that the d- 
dimensional Jacobi operator also satisfies a logarithmic Sobolev inequality and then 
using L. Gross' famous result [TO], that asserts the equivalence between the hyper- 
contractiviy property and the logarithmic Sobolev inequality, the result is obtained. 
All the implications between these functional inequalities and L. Gross' result can 
be found in [TJ . A detailed proof of the hypercontractivity propertie for the Jacobi 
semigroup can be found in [2], see also [T5] . 
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From now on we will consider only the Jacobi semigroup for the parameters a = 
(q;i, a 2 , • • • , a d ), @ = (ft, fa, ■ ■ ■ , /^d) e M d with ai, A > -|. 

For < 5 < 1 we define the generalized d- dimensional Poisson-Jacobi semigroup 
of order 5, {P" ,/3 ' 5 }, as 

POO 

(5) Pf' A< 7(*) = / T?Pf(x)ri(d8). 

Jo 

where {/if} are the stable measures on [0, oo) of order 5S*\ The generalized d- 
dimensional Poisson-Jacobi semigroup of order 5 is a strongly continuous semigroup 
on L p {\— 1, l] d , jJ^ p) with infinitesimal generator (— £ Q,/3 ) 5 . Again, by (j3J) we have 
that 

(6) pfp* = e-*??*. 

In the particular case 5 = 1/2, we have the (i-dimensional Poisson-Jacobi semi- 
group. As it is relevant in what follows we will denote it simply by P"'^ = p"'^' 1 / 2 . 
In this case we can explicitly compute /4^ 2 , 

2V 71 " 

and we have Bochner's subordination formula, 

(7) p ^ /(x) = 7?/ jf*UW du - 

The paper is organized as follows. In the next section we will give a decomposition 
of the space L 2 ([— 1, l] d , fJ^J), that we call a modified Wiener- Jacobi decomposition. 
In section [3j using this decomposition and the hypercontractivity property of the 
(i-dimensional Jacobi semigruop, we present an analogous of Meyer's Multiplier The- 
orem, [12], for (i-dimensional Jacobi expansions and define and study, as in the one 
dimensional case, [3], the fractional derivatives the fractional integrals, the Bessel 
potencials for the (i-dimensional Jacobi operator, and Jacobi Sobolev spaces asso- 
ciated to the (i-dimensional Jacobi measure. Finally we also study the asymptotic 
behavior of the (i-dimensional Poisson-Jacobi semigroup and, as a consequence, we 
present a version of Calderon's reproducing formula. 

For others expansions in terms of classical orthogonal polynomials there have been 
similar notions. In [11] it was studied the fractional derivative for the Gaussian 

Stable measures on [0, oo) are Borel measures on [0, oo) such that its Laplace transform 
verify J °° e~ Xs /if(ds) = e~ A *. For 8 fixed, {nf} form a semigroup with respect to the convolution 
operation, see [8]. 
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measure, that is, in the case of Hermite polynomial expansions. In this article 
they also obtain characterizations of the Gaussian Sobolev spaces and a version of 
Calderon's reproducing formula for the Gaussian measure. 

In [9] the Laguerre polynomial expansions was studied. In this article the autors 
also obtain an analogous of P. A. Meyer's Multiplier Theorem for Laguerre expansions 
and introduce fractional derivatives and fractional integrals in this setting. They 
also study different Sobolev spaces associated to Laguerre expansions and Riesz- 
Laguerre transforms. 

Thus with this paper we complete the study of these notions for classical or- 
thogonal polynomials. In [3] we have studied the one dimensional case for Jacobi 
expansions and in the present article we extend this notions to higher dimensions. 
Contrary to the Hermite and Laguerre cases, in this case the passage from one di- 
mension to several dimensions is not straight forward, due to the no linearity of the 
eigenvalues of the Jacobi operator. This will be explained with more detail in the 
next section. 

In order to simplify notation, we will always not explicitly refer the dependency of 
the dimension d. For instance, we will denote by || ■ || p the norm in L p ([— 1, l] d , n^p), 
that is, without explicitly referring the dependency of the dimension d. 

2. A modified Wiener- Jacobi decomposition. 

Let us consider for each n > 0, C7" ,/3 is the closed subspace of L 2 {[— 1, l] d , /if a) 
generated by the linear combinations of {p^ : \k\ — n}, where, as usual for a multi- 
index k, \k\ = Ylt=i K i- Since {p"' 13 } is an orthonormal basis of L 2 ([— 1, l] d , /-t^g), 
we have the orthogonal decomposition 



This is the Wiener- Jacobi decomposition of L 2 ([— 1, l] d ,/uf j/g ), which is analogous to 
the Wiener descomposition of L 2 (R d ,7 d ) is the Gaussian case. 



oo 





n=0 




oo 



ra=0 \n\=n 
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with /(«)=/, 



/ \v)Vk^ A'a a(dy) ■ Then we have the following spectral decom- 



positions 



oo 




E ^ (-A„)/(«)a 




n=0 |«|=n 



oo 




E E ^/w. 




n=0 |«|=n 



OO 



E E 



n=0 |«|=n 



As the eigenvalues X K of the (i-dimensional Jacobi operator do not depend linearly 
on | k |, we do not have an expresion of the action of C a,/3 , T" ,/3 or over /, in terms 
of the orthogonal projections over the subspaces C^, as in the one dimensional case 
(see [3]) or in the case of Hermite or Laguerre polynomial <i-dimensional expansions 
(see pj], [9], for example). 

For that reason we are going to consider, in the same spirit as the Wiener- Jacobi 
decomposition, an alternative decomposition of L 2 ([— 1, l] d ,/ia j/3 ) in order to obtain 
expresions of C a,/3 T t a,/5 / and P" ,/3 in terms of the orthogonal projections. 

For fixed a = (at, a 2 , • • • , a^), (3 = /? 2 , • • ■ , fid), in K d such that a,, $ > — | 
let us consider the set, 

R a ' p = jr G K + : there exists («i, . . . , K n ) G N d , withr = E K i( K i + + & + 1)1 . 

R a,t3 is a numerable subset of M + , thus it can be written as R a '^ = {r n }^L with 
r Q < r x < ■ ■ ■ . Let 



Note that Aq' 13 = {(0, . . . , 0)} and that if k G then A K = J2i=i + a i + A + 
1) = r n . 



Let Cr"'^ denote the closed subspace of L 2 ([— 1, A*« )( a) generated by the linear 
combinations of {p^' " : k G A"' 13 }. By the orthogonality of the Jacobi polynomials 
with respect to \i d ^ and the density of the polynomials, it is not difficult to see that 
{G%'P} is an orthogonal decomposition of L 2 {[— 1, that is 




(9) 



^ 2 ([ 



n=0 
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We call (jHJ) a modified Wiener-Jacobi decomposition, compare with (jSJ). 
Let us denote by J" ,/3 the orthogonal projection of L 2 ([— 1, l] d , /^«) onto G"'^. 
Then, for / G L 2 ([— 1, /i^) its Jacobi expansion now can be written as 

oo 

(10) f = Y, J n"f 

n=0 

where 

with /(«) = J-j yd f{x^p^^{x)\i a ^(dx) the Jacobi-Fourier coefficient of / for the 
multi-index k. 

By (jBJ), (Hj), (jEJ) we have that for / G L 2 ([— 1, 1], /^«) with Jacobi expansion 
/ = S^lo Jn ,l3 fy the action of £ Q,/3 , or over / can now be expressed as 

oo 

(11) C^S = E(- r «) J n"f> 

n=0 

oo 

(12) rt = ^ e - r "W, 

n=0 

oo 

(13) P^ 5 f = Y, e ' ritj n P f- 

n=0 

Thus using the modified Wiener-Jacobi decomposition ([9]) we are able to obtain 
expansions of £ Q,/3 , T t Q,/3 and P" ,l3,s in terms of the orthogonal projections 
As we have mentioned before, this can not be done with the usual Wiener-Jacobi 
decomposition (jSJ). 

As a consequence of the hypercontractive property of the d- dimensional Jacobi 
operator we have that the ortogonal projections J^ ,lS can be extended continuously 
to L p ([— 1, 1] ,^g), more formally 

Proposition 2.1. If 1 < p < oo £/ien for every n G N, «/° ,/3 , restricted to the 
polynomials V, can be extended to a continuous operator to L p ([— 1, l] d , {i d a a), that 
will also be denoted as J" ,/3 , that is, there exists C n , p G M. + such that 

\\j:> p f\\ P <c n , p \\fi 



Proof. First remember that the polynomials V are dense in L p {\— 1, l] d ,/i^), see 
[7]. Now let us consider p > 2 and for the initial condition q(0) = 2, let to be a 
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positive number such that q(to) = p. Taking / G V, then by the hypercontractive 
property, Parseval's identity and Holder's inequality we obtain, 

\\T t a fj^f\\ P <\\J^fh<\\fh<\\f\\ P . 

Now, as T t a /J^f = e- tor -J^f we get 

\\J^f\\ P <C n Jf\\ p , 

with C n)V = e*° r ™. The general result now follows by density. 

Finally, for 1 < p < 2 the result follows by duality. □ 



3. The results 

Giving a function $ : N —>■ R the multiplier operator associated to $ is defined as 

oo 

(14) T./ = 5S(n)J^/, 

71=0 

for / = J27=o J n P f> e P, a polynomial. 

If $ is a bounded function, then by Parseval's identity it is inmediate that X$ is 
bounded on L 2 ([— 1, In the case of Hermite expansions, the P.A. Meyer's 

Multiplier Theorem [12] gives conditions over $ so that the multiplier 7$ can be 
extended to a continuous operator on LP for p ^ 2. In a previous paper [3], we 
have proven an analogous result for one dimensional Jacobi expansion. Now we are 
going to present the analogous result for <i-dimensional Jacobi expansions. In order 
to establish this, we need some previous results. 

First we note that for n G N, r n > n. Then, as a consequence of the LP continuity 
of the projections and of the hypercontractivity of the <i-dimensional Jacobi 
operator we have 

Lemma 3.1. Let 1 < p < oo. Then, for each m G N there exists a constant C m 
such that 

\\T^{L - - J** A)f\\ P < C m e- tm \\f\\ p . 



Proof. Let p > 2 and for the initial condition g(0) = 2, let to be a positive number 
such that q(t ) = p. 
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If t < to, since is a contraction, by the LP continuity of the projections J"" 8 , 
- J a m ^)f\\ P < W-J^ J a m ^)f\\ P 

m—l 

< \\f\\ P +J2W J n P f\\ P 

n=0 

m—l 

tor„ 



n=0 



But since e torn < e'° rm for all < n < m — 1 and r m > m for all m > 1, we get 

\\T^{I - J%* < (l + me^)||/|| p = C m e-^" 

< C m e tm 1 



v 



with C m = (1 + me torm )e tom . 

Now suppose t > to. For / = J2^=o Jn 13 /> by the hypercontractive property, 

re^-'V - ^ — < ii^(/-j q ^ — A)f\\i 

oo oo 

n=m n=m 

oo oo 

= E e ~ 2trft |l J ^/ll^<E e_2t "H J n^llL 

n=m n=m 

as r n > n for all n > 1. Then, as m < ii, 

oo oo oo 



-2/d) ii p||2 



n=0 n=0 
2im|| j?||2 



< e V 



Thus 



lT a,0 T a >P{I _ J a,0_ J a,p J^)f\\ p < e~ tm 



and therefore 



■ 

\\T t ^(I-J^ J m ^)f\\ P = K^TtiV - Jo'" J a J-i)f\\v 

< e-^) m ||/|| p = C m e- tm \\f\\ p , 

with C m = e*° m . For 1 < p < 2 the result follows by duality. □ 
Using ([5]) and Minkowski's integral inequality, it is not difficult to see an analogous 
result for the generalized Poisson-Jacobi semigroup, that is, for 1 < p < oo and each 
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m G N, there exists C m such that 

(15) \\P^\I - - J^fh < C m e-^\ u w . 

From the generalized Poisson-Jacobi semigroup let us define a new family of 
operators {^T m }fceN by the formula 

1 f°° 

p a,/3 r _ I :H p a,)3,7/r_ ja,/3 _ ja,/3_ _ ja,/3\fj, 

r k,7,mJ ~ _ -gj J 1 r t K 1 J J l ■■■ J m _ 1 )JUL. 

By the preceding lemma and again by Minkowski's integral inequality we have the 
Z^-continuity of Puf m , for every m G N, that is to say, for 1 < p < oo and then is 



a constant C m such that 



( 16 ) II P ka, m f Hp < II J up- 

In particular, if we take n > m and /c G ^4"'^, then 

P^{I - Jf* - J°* A)p K a 'P = e^p^, 

and thus, for all k G N 

pa,/3 -* a ,p __ -* a ,p 

Therefore, for / G L 2 ([-l, l) d , p^ J), n>m and fc G A^ ,/3 

f17^ p"./ 3 ja,P f _ ja,P f 

V 1 ') r k,i,m J n J — ^k J n J 

and if n < m, k G A">^ 



7/c ' 



(18) ^ J n'^/ = 0- 

We are ready to establish P.A. Meyer's Multipliers Theorem for <i-dimensional 
Jacobi expansions. 

Theorem 3.2. If for some n G N and < 7 < 1 

= h (J^J , fc > n , 

with h an analytic function in a neighborhood of zero, then T$ ; the multiplier operator 
associated to $, (fl^P , admits a continuous extension to 1, /xlg). 

Proof. Let 

no — 1 00 

= T}f +nf=Y, mjff + E *(*) J k p f- 

k=0 k=no 
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By Lemma [2.11 we have that 

np—1 / np-l \ 

\\r*f\\p < E \^ k )\\\ J ^f\\ P < E i*(*)i c '* ii/n» 



fc=0 \ fc=0 



that is, T$ is L p continuous. It remains to be seen that Tj is also LP continuous. 

By hypothesis h can be written as h(x) = Yl^=o a nX n , for x in a neighborhood of 
zero, then 



oo oo 1 oo oo 1 

t|/ = E * = E h i^)jff = E E^^ 

k=no k=no ^ k=no n=0 ^ 

but by (dZD and JIB}, for fc > n , z^J^f = P^ no J^f> ^ have 



oo 



k=no n=0 n=0 fc=0 



oo 



n=0 fc=0 n=0 

Since -P"^ no is L p continuous, ffTB]) . we obtain, 

oo 

l|r|/|| P <El a «HI P ntno/ll P 
n=0 

v | a n|Cn ^yn J \\f\\p = Cn ( ^ ] | a n|~ 
n=0 ^0 j \ n=0 ™0 



^ I ^ I I Cnn — — I II .f 1 1 r> — Cn.n I } I On I — J 1 1 / 1 1 p — Cji ^ ( ~j 

/ V^O 



Therefore, T$ is continuous in L p ([— 1, 1] «). □ 
As in the classical case of the Laplacian [TH] and in the one dimensional Jacobi 

case [3], for 7 > we define the fractional integral of order 7, 7" ,/3 , with respect to 

(i-dimensional Jacobi operator, as 

(19) = (-c a ^y /2 . 

I"'" is also called Riesz potential of order 7. 

Observe that, since zero is an eigenvalue of C a,lS , then If*" 5 is not defined over 
all L 2 {{— 1, l] d , li d a g). Then consider n = I — Jq ,iS and denote also by J" ,/3 the 
operator (— £ a ' l3 )~' y / 2 Il . Then, this operator is well defined over all L 2 ([— 1, l] d , [i d a g ). 
In particular, for the Jacobi polynomial of order k with k G A®' 13 we have 
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Thus, for / a polynomial in L 2 ([— 1, l] d , pi^p) with Jacobi expansion Xl^Lo ^n 13 f-> we 
have 



00 1 



n=l r " 



Now, for k G we have that by the change of variables s = \ l J 2 t 



n 

1 /*oo 1 /* 00 

: ' r^p^p^dt = — - / f-^-^dtp^ 



where P^ is the Poisson-Jacobi semigroup. 

Therefore for the fractional integral of order 7 > we have the integral represen- 
tation, 

1 r°° 

(21) Eff = J t^P^fdt, 

for / polynomial. 

As in the one dimensional case, Meyer's multiplier theorem allows us to extend 
J" ,/3 as a bounded operator on L p ([— 1, l\ d ,^ d al3 ). 

Theorem 3.3. The the fractional integral of order 7, 1^ admits a continuous 
extension, that it will also denoted as denote 1^ , to L p ([— 1, /^ 

Proof. 

If 7/2 < 1, then I^' 13 is a multiplier with associated function 



where h(z) = z, which is analytic in a neighborhood of zero. Then the results follows 
immediately by Meyer's theorem. 

Now, if 7/2 > 1, let us consider (3 G K, < f3 < 1 and 5 = ^. Then 6(3 = \. Let 
h(z) = z s , which is analytic in a neighborhood of zero. Then we have 

Again the results follows applying Meyer's theorem. □ 
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The Bessel potential of order 7 > 0, J"^ associated to the d- dimensional Jacobi 
operator is defined as 

(22) = (/ - C^f 3 )-'/ 2 . 

For the Jacobi polynomial of order k with k G A^ we have 

7 " (l + A K )7/2^ ~ (l + rn )7/2^ ' 

and, therefore if / G L 2 ([— 1, polynomial with expansion Yl^=o Jn f 

( 23 ) ^/ = E a + r)^ ' Pf - 



n=0 

Again Meyer's theorem allows us to extend Bessel potentials to a continuous 



operator on L p ([— 1, 3) 



Theorem 3.4. T7ie operator admits a continuous extension, that it will be also 
denoted as Jf>P, to LP([-1, l] d ^ d a ,p)- 

Proof. The Bessel Potential of order 7 is a multiplier associated to the function 

/ \7/2 / « \t/2 

$(£;)=f_J_) . Let /3 G R, (3 > 1 and h(z) = (Jji) ■ Then h is an analytic 
function on a neighborhood of zero and 



The results follows applying Meyer's theorem. □ 
Now, again by analogy to the the classical case of the Laplacian [16], we define the 
fractional derivative of order 7 > 0, D" ,f3 , with respect to the (^-dimensional Jacobi 
operator as 



(24) = (-C a ' p y /2 . 

For the Jacobi polynomial of order k with k G A^ we have 

(25) Dfp^ = Xj!*p«P = r^p^, 

and therefore, by the density of the polynomials in L p ([— 1, l] d , ii d a A 1 < p < 00, 
D^l 3 can be extended to #([-1, l] d ,/4 «). 
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Also for the Jacobi polynomial of order k with k G A"^ by the change of variables 
= \J t, 



/*oo poo 

/ r^\p^p^-p^)dt = / rr- l ( e -v * - l)dtp^ 

Jo Jo 

POO 

Jo 

Therefore for the fractional derivative of order < 7 < 1 we also have a integral 
representation, 

1 f°° 

(26) Dff=- r^\P?> P f-f)dt, 

c 7 Jo 

for / polynomial, where c 7 = J °° s^ 7_1 (e _,s — l)ds. 
If / is a polynomial, by PP|) and we have, 

(27) if(Dff) = D^(lff) = U f. 

Let us consider now the Jacobi Sobolev spaces or potential spaces. For 1 < p < 
00, LP([— 1, l] d , /i„ j/3 ), the Jacobi Sobolev space of order 7 > 0, is defined as the 
completion of the set of polynomials V with respect to the norm 



p-i 



|| (J _ £ «^ 7/2/ ,| 



That is to say / G 1, yU„ j/3 ) if, and only if, there is a sequence of polynomials 

{/„} such that lim n _»oo \\f n - = 0. 

As in the classical case, the Jacobi Sobolev space 1, l) d , fi^g) can also be 

defined as the image of L p ([— 1, l] d ,/i d under the Bessel Potential that is, 

^([-1, l] d . </ 3 )=^ P (["l, 

The next proposition gives us some inclusion properties among Jacobi Sobolev 

spaces, 

Proposition 3.5. For the Jacobi Sobolev spaces 1, /^«), we /iai>e 

i) Ifp<q, fcn^([-l,l]Vyc^([-l,l]^y/ r eac/i 7 > 0. 

ii) //0 < 7 < 5, tfien /x^) C L?([-l, if, /x^) /or eac/i < p < 00. 



Proof. 

i) For 7 fixed, it follows immediately by Holder's inequality. 
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ii) Let / be a polynomial and consider 

n=0 

which is also a polynomial. Then G L p s ([-l,l] d , p, d ^), \\<f>\\ p = \\f\\ p>s and J^f S )<f> = 
(I - C a ' P Y J - s)/2 (f) = (I - C a ^y /2 f, by the L p -continuity of Bessel Potentials, 

imu = \\(i- c^r' 2 f\\ p = wj^n, < c p \\f\\ p , 5 . 

Now let / G L p s ([-l,l} d ,n d ap ). Then there exists g G L p {[-l,l} d , fi d p ) such 
that / = J$g and a sequence of polynomials {g n } in L p ([— 1, (3 ) such that 

lirn^oo ||flf n - flr|| p = 0. Set f n = J?' P g n - Then lim^^ ||/ n - /|| P) j = 0, and 

Wfn - /||p, 7 = - C a > p V /2 {fn - = - - L^y s l\g n -g)\\ v 

= \\(l-jC^-W( gn - g )\\ p = \\J { ^ s) (g n -g)\\ p , 

by the L p continuity of Bessel Potentials lim^oo ||/ n — /|| Pi7 = 0. 
Therefore, 

imu 7 < n/„-/iu 7 +ii/niu 7 

< \\fn - /||p, 7 + ||/n||p,<5, 

taking limit as n goes to infinity, we obtain the result. □ 
Let us consider the space 

p>i 

L 7 ([— 1, /i^, is the natural domain of . We define it in this space as follows. 

Let / G L 7 ([-l,l] d ,/4 )( g), then there is p > 1 such that / G 
and a sequence {/„} polynomials such that lim^oo f n = f in L p ([— 1, \i d a a). We 
define for / e L 7 ([-l, 1] 

Dff = hm £>^/„. 

' n— >oo ' 

The next theorem shows that D^>" is well defined and also inequality (|29|) gives us 
a characterization of the Sobolev spaces, 

Theorem 3.6. Let 7 > and 1 < p, q < 00. 

i) If {f n } is a sequence of polynomials such that 

lim f n = f 
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m LP([-l,l] d ,^), then 

(28) limD^/ n GLP([-l,l] d ,< /9 ), 

n— >oo 

and £ae /imit does noi depend on the choice of the sequence {f n }- 

If f G l] d ,^ )/3 ) n^([-l> 1 ] d >^) ) ^en i/ie /zmzi does not depend 

on the choice of p or q. Thus D™>P is well defined on L 7 ([— 1, l] d , y^ n). 
ii) / G i/, and on/y # D^/ G #([-1,1]*^). Moreover, 

there exists positive constants A va and B pa such that 

(29) B p < ll^/llp < ^ P ,7ll/llp>7" 
Proof. 

ii) First, let us note that for / = Y^=o Jn^f polynomial, 

7/2 



n=0 

that is, the operator D^J^^ is a multiplier with associated function $(&) = 

fl^l = M^) "where = (t^) 7 ^ 2 ; and therefore by Meyer's theorem it 
is L p -continuos. 

Let / be a polynomial and let be a polynomial such that / = J^(f>. We have 
that ||/|| Pl7 = ||0 ||p and by the continuity of the operator D^J^ 

\\Dff\\ p = \\Dfj^<t)\\ p < AmMp = 4vrll/IUr 

To prove the converse, let us suppose that / polynomial, then D^f is also a 
polynomial, and therefore D*'& f G L p ([— 1, /z^). Consider 

oo oo /I , \ 7/2 

k=0 fc=0 V r fc / 

The mapping 

00 00 /l _L r , \ 7/2 

j = E^-E(^) ^ 

fe=0 k=0 \ k / 

is a multiplier with associated function $(&) = f^rM = M^) where /i(z) = 
(2 + I) 7 / 2 , so by Meyer's theorem, taking g = D^f we have 

\\f\\ P , 7 =\\<t>\\ P <B p ,4Dff\\ p . 

Thus we get (129|) for polynomials. 
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For the general case, / G 1, 1^,(3) ■> then there exists <? G L p ([— 1, A*a,^) 

such that / = J^'^g and a sequence {#„} of polynomials such that lirn^oo \\g n — 
g\\ p = 0. Let f n = JJf'Pgn, then lim^^ ||/„ - /|| P)7 = 0. Then, by the continuity of 
the operator D^J"^ and as lim^oo \\g n — g\\ P = 0, 

lim ||D^(/n-/)|| P = lim ||D^^(^ ft - g)\\ p = 0. 

Then, as 

Bp t -y || fn ||p,7 — ll-^^'^/nllp — ^p,7 II fn Hp, 7; 

the results follows by taking the limit as n —>■ oo in this inequality 
%) Let {/„} be a sequence of polynomials such that 

lim f n = f, 

inLP([-l,l] rf ,< j/3 ). Then, by© 

lim || D" ,/J /„ ||p < 5 Pi7 lim \\f n \\ Pjl = B pr 



P>7' 



7i— »oo m 



hence, lim^ D^/ n G #([-1,1]*^). 

Now suppose that {q n } is another sequence of polynomials such that lim 
/ in LP([-1, fi^). Then lim^ f n -q n = 0. By (TJSD 

■Bp^Wfn (Zn||p,7 — 11^7' fn -^7 '^QVillp — -^p,7 1 1 ,/n (Zn||p,7j 

and now, taking the limit as n — > 00 we get that lim^oo D"' 13 f n = lim^oo D^q n 
in L p ([— 1, l] d , h^b) and therefore the limit does not depends on the choice of the 
approximating sequence. 

Finally, let us suppose that / G L p ([-1, ^) f| ^([-1, </?) and, with- 
out loss of generality, let us assume that p < q, then by Proposition 13.51 i), 
L 7 ([-l,l] d ,/4 j/3 ) C LP([-l,l] d ,^ >j8 ) and therefore / G L«([-l, ^). Now, if 
{/„} is a sequence of polynomials such that lim^oo / n = / in L^([— 1, 1] , jti^g) 
(hence in 1, we have 

Inn D^/ n G = L*([-l, l] d ,<^) f|^([-l> l] d ></3)- 

Therefore the limit does not depends on the choice of p or q. □ 
In what follows we will give an alternative representation of and I 7 ,/3 , but 
first we present a technical Lemma, were we study the asymptotic behavior of the 
(i-dimensional Poisson-Jacobi semigroup {P" ,/3 }. 
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Lemma 



(30) 



3.7. If f eC\[-l,l] d ) such that J { _ hl]d f (y) ^(dy) = then 



d_ 

dt 



P^f{x) 



< C f , aAd (l + \x\)e 



where d a> p = max{aj + f3j + 2 : j = 1, . . . , d} and \x\ denotes the usual euclidian 
norm for x G M. d . 

As a consequence the Poisson-Jacobi semigroup {Pj* ,l3 }t>o, has exponential de- 



cay on (C ( 



®n=i C n P - M ore explicitly, if f G C 2 ([-l, if), such that 



I hlA]d f(y)^ d a Ady) = 

(31) 



then 



P t ^f(x)\<C f , aAd (l + \x\)e 



-fit 



Proof. First, let us see that If T t a ' p f(x) < C f , aAd (l + |x|)e- d <^*. Since 



d 



i=l 



(i - a&Vf 



d 



+ (A -Oi + l-(ai + Pi + 2) x^-^T^f 
it is sufficient to study £:T^f and ^T^f. 

First note that for the one dimensional Jacobi polinomial p"" 8 , n G N and the one 
dimensional Jacobi semigroup T^ ,lS , a, (3 > — |, we have 



dx 2 



T^f = e -(a+/3+2)tj>a+l,/3+l ^— ^ 
T «,(3 f _ „-2(a+/3+3)i T a+2,/3+2 ( f \ 



therefore, as for k = . . . , «„) G N d , a, f3 G [— |, oo)"' 



i=i 



and 



9^- 
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with Cj E R d has one in the j-ih coordinate and zero elsewhere. Then for / e 

L\[-iA] d ^U) 







T t a 'Pf(x) = e -^+h+V% c 



d 
dx 



and 



dx 2 



j 

d*_ 
dx? 



fix] 



Hence 



d_ 
dt 



T^f{x) 



\c a ^T^f{x) 



< 



E 

3=1 



|1 _ x 2\ e -2{<Xj+l3j+3)trp<x+ 2 e j ,P+2e j 



d 2 



dx 2 



+ - a 3 + 1| + (a, + (3j + 2) \x,\)e-^ + ^% a 



a+ej,f3+ej 







As / G C 2 ([-l, there exists C f such that gfr/fc) < C f and ^/(x 
Also, for each j — 1, . . . , d 

\1 — Xj\ < 1 1 — Xj | ] 1 + Xj | < 1 + |Xj | < 1 + \x\ , 

e -2(« J+ ft+3)t < e -(a 3 +/3 3 +2)t 

|& - + 1| + [otj + + 2)\ X j\ < C a , p (l + \ Xj \) < C a , p {\ + \x\), 



dxj 
<C f . 



and then 



= C a ^f(x)\ < C M (1 + \x\) J2e~^ +2)t 

3=1 

< C f , a , M (l + \x\)e- d ^\ 



Now 



then, by the change of variable u = d a ^s 



d_ 

dt 



P^f{x) 



< Cw 4 (l + \x\) e- u —u-V 2 e- d ^ t2 l iu du 
Jo 2 V n 

POO r 

= Cw 4 (l + \x\) e^—s^e^^ds 
Jo 2 V n 

POO 

= C f>aAd (l + \x\) e~ d ^ s rf /2 (ds) =C f>aAd (l+ \x\)e 
Jo 



■d x Jlt 



20 C.BALDERRAMA AND W.URBINA 

Since we are assuming that Jj_ 1 ^ d j '(y) /i^^dy) = 0, 
(32) 
we get 



lim P^f(x) = 0, 



< 



d_ 

ds 



P^f(x) 



ds 



<C La , M J™(l + \x\)e-<>ds 



C } , aAd {l + \x\)e- d «>. 



□ 



Now, since {-P" ,/3 }t>o is an strongly continuos semigroup, we have 
(33) 

Let us write 



\imP t a ^f(x) = f(x) 



P**f(x) 



T^f{x)^\ds) = I [/ p a /(s,x,y)nl /2 (ds)]f(y)nUdy) 
n J[-i,i] d Jo 



where 
(34) 



/ k a /(t,x,y)f(y)^(dy), 
J [-1,1]* 

POD 

ka' P (t,x,y)= / p^(s,x,y)fxl /2 (ds) 
Jo 



and define the operator as 

(35) Q^f(x) = -t^-Pf(x) = [ qf(t, x, y)f(y)fiUdy), 

at J[-i,i] d 

with q^(t,x,y) = -t£ t k a /(t,x,y). 

Now we give the alternative representations for _D" ,/3 and I"' 13 . 

Proposition 3.8. Suppose f differentiable with continuos derivatives up to the sec- 
ond order such that Jj_ 1 ^ d f (y) /i^^dy) = 0, then we have 



(36) 



(37) 



1 f°° 

- ^Dff = - / r^Q^fdt, < 7 < 1, 

c 7 JO 
1 f°° 

^iff = T^y / o t^Q^fdt, 7 > o. 
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Proof. Let us start by proving fl36|) . Integrating by parts in fl26l) we have 



- lim ft^ l {P^f-f)dt 

: 7 a^0+ J a 



b— >oo 

— lim 

1 



Pt^f ~ f 



7C 7 Jo 



1 

7 Ja 



<9 



- / r^P^fdt 



since, by ( |30|) . 



lim 



WW " /( 



X) 



a? 



1 ^ 
< lim — 







ds 



a 1 „a 



< c 



/,a,Ad(l + | a: |) lim 



1 - e~V^ 



and by (J33D 



Let us prove (1371) . Integrating by parts in ([21 

1 



1^7-^0. 



7 ^ 



r( 7 ) a-+0+ J a 
b^oo 



lim / V'- x P^fdt 



— i~t lim 

r 7 a^0+ 
o— >oo 



<7 



7r(7) Jo 



7 



f~ l QT P fdt 



F^-Pf'Pfdt 
dt 1 



since, by f )30|) 



and 



lim 

ft— >oo 



6 7 P «,/3j < C /)aAd (l + |x|) lim 6 7 e"0 = 

ft— >oo 



lim a 7 Pf ,/3 / = 0. 
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□ 

This representations for 7" ,/3 and -D" ,/3 allows us to obtain a version of Calderon's 
reproduction formula for the <i-dimensional Jacobi measure, 
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Theorem 3.9. i) Suppose f E #([-1, l) d , t4J) such that Jj-i,i]<* f (v) l4,p( d v) = °> 
then we have 

(38) / = / Q^/t" 

Suppose f a polynomial such that L ^ d f(y)fi^(dy) = 0, then we have 

/*oo /*00 J 71 

(39) / = C7 7 / / ™<&(Q^f)-%, 0< 7 <1. 

Jo Jo s z 

Also, 

/OO /.OO J Ty. /-CO 02 

Formula (1391) is the version of Calderon's reproduction formula for the <i-dimen- 
sional Jacobi measure. 

Proof. To prove (138]) note that by (I32I) and (1331) we have, 

[°°QffT= lim + (- f^ P ?' P fdt)= Hm(-P t ^f)\ b a = f. 
Jo 1 «-o+ J a dt 1^ 0+ 

b^oo b— >oo 

Let us prove fl31?|) . Given / a polynomial such that J" lld f (y) ^^(dy) = 0, by 
Proposition 13.81 we have 

1 /"°° 

(41) D"" 8 (7^/) = / (iff) dt. 

7 C 7 Jo 

Now, by ([37]) and the linearity of , we have 

1 r°° 

Qt' P (iff) = J s^QT\Q a /f){y)ds. 
Substituting in (]4TI) 

/ = (iff) = c 7 / / r^V" 1 ^ (Q^f) dsdt, 

Jo Jo 



with CL = — 2 — w — v • 

In order to prove ( HOI) , integrating by parts, and by Proposition 13.81 we have 



/■OO Q2 Q 



OO 9 







. A| ^/(a;)du=-J^/( a ;)|~ 
P ^/(x) = f(x). 

□ 
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